In [1] and [2] we computed the lift and drag forces on a sphere, subjected to a wall-bounded oscillatory flow. The forces were found as a function of the Reynolds number, the forcing frequency, and the gap between the particle and the ideally smooth rigid bounding wall.
latory flow.
Introduction
The experimental determination of the lift and drag on a particle in a wallbounded flow is very challenging, as recounted by Rosenthal and Sleath ([3] ).
In [1] and [2] , hereafter referred to as FLR02 and FLR05, respectively, we used instead numerical means to obtain these forces. Our results, which were shown to be consistent with the fluid laboratory experiments of Rosenthal and Sleath, significantly extend the range of parameters for which the lift and drag are now known.
In FLR02 the particle was placed a small distance away from the wall and the forces were then characterized as a function of the forcing frequency and the Reynolds number. The dependence of lift and drag on the forcing frequency, or Keulegan-Carpenter number, was dramatic. The key findings were to show that the lift force is significantly enhanced by the choice of Keulegan-Carpenter number and that the lift, even when compared to a fairly wide range of buoyancy forces, is important in the physical setting.
In FLR05 we added the gap number, or distance between the sphere and the bounding wall, to the parameter list. In doing so we found that the sphere experienced suction and repelling effects, depending on the gap number and the forcing frequency. We also found that the nature of the lift force changed from viscous-dominated to pressure-dominated when the KeuleganCarpenter number, the non-dimensional forcing period, is varied. We also showed that there are only a few degrees of freedom in the spectrum of the forces, suggesting that a reduced but fairly complete analytical model could be formulated for these forces, and such model be accurate for a large range of forcing frequencies.
In the present study we add a rotational degree of freedom to the particle and investigate how lift and drag are modified, as compared to the lift and drag of the same particle, held fixed. We will also quantify the changes in the torque. The primary focus, however, will be to characterize the lift, which we want to describe as a function of the Reynolds number, the forcing frequency, the gap between the sphere and the wall, and the moment of inertia of the particle; the near-term goal is to determine whether rotational freedom will change significantly the amount of lift experienced by a particle, a sensible possibility, at the outset. To suggest that allowing for rotation in the calculation of the lift and drag is of significance is inspired by the work that has been done on flow around circular cylinders. Oscillatory flow around a circular cylinder has been frequently studied: see [4] , [5, 6] , and references contained in these works. However, as was demonstrated in FLR02 and FLR05, lift and drag estimates from cylinders in an oscillatory flow cannot be extrapolated to the spherical particle case, since the flow is fundamentally different.
The long term goals of this line of inquiry are to provide robust data and functional trends of the basic forces on ideal particles, with which to: (1) infer the mechanics of particle dislodgement and suspension in oscillatory flows, such as those ocurring under the action of of tidal motion, rhythmic sedimentation, and some industrial processes; (2) improve the parametric description of models for what are commonly referred to as "inertial particles" in the sedimentation literature. With regard to the first goal, it would seem that extrapolating sediment dynamic models from what occurs to a single particle is unrealistic. Yet, the basis of some of the most often cited models for the motion of sedimentary/erodible beds in these natural settings rely on a real or perceived understanding of how individual particles move under the influence of the surrounding fluid, how particles respond to fluid stresses, and how the energy dissipation balance plays out. Of note is that the lift and buoyancy forces enter in the parametrization of dislodgement and/or suspension of the sediment. (See [7] and references contained therein; also see the original work of Bagnold [8] , and the extension of this model to the oceanic setting by Bailard in [9] ). In any event a thorough study of the single particle in oscillating boundary layer bounded by an ideally smooth bounding wall, we feel, is a necessary first step in tackling the more physically relevant case of a bed of multidispersive particles subjected to oceanic/fluvial hydrodynamics. With regard to the second goal, inertial particle models depend critically on our understanding of how individual as well as finite collections of particles move and interact in a flow (see [10] . Also, [11] for references to the inertial particle literature).
Several studies have considered the forces on a sphere in a free flow. Of note are recent papers on flows over particles forced to rotate. For example, [12] and [13] . See also [14] for an experimental report on the matter. The results from these studies have important practical applications as well as popular interest, for example, the role played by forced spin on the trajectory of baseballs, tennis balls, golf balls. In our study, however, we do not force the particle to spin, but rather, we allow it to freely spin in response to the shearing forces and we ask how the basic forces change by allowing for this degree of freedom.
In [15, 16, 17] the effect of free rotation on the motion of a solid sphere in an unbounded steady shear flow was examined (see also [18] ). For flows with moderate Reynolds numbers, from 0.5 to 200, the results most relevant to our work were their findings that: (1) rotation has little effect on the drag; (2) there is a range of flows wherein the effect of allowing the particle to freely rotate leads to outcomes that are different from existing analytical estimates; (3) the effect of rotation on the lift is Reynolds-number (Re) dependent: for small Re the effect is very small, in accordance with Saffman's results [19, 20] ; beyond Re ≈ 200 the effect again becomes negligible. In the range Re = 5 − 100, in particular, they found that the torque-free condition, i.e. steady-state, generates a significant increase in the lift. This excess lift is attributed to a Magnus lift effect -of a sphere forced to spin at a rate Ω st = T 8πµD 3 , the terminal value in a steady shear flow (T is the torque, D the diameter of the sphere, µ is the viscosity)-and that this excess is additive; (4) at moderate Re they observe that Ω st can be uniquely parameterized by Re alone, yielding a simple power law expression for Ω st as a function of Re.
We show in this study that the results obtained for a sphere that is freely rotating in a wall-bounded oscillatory flow are unlike the results obtained in [15] for the steady shear flow case. Notably, we did not find an obvious way to decompose the forces into a fixed and rotational component, i.e. it could not be expressed as the sum of two fields, because the forces change qualitatively with parameters.
Wall-bounded forces on a rigid sphere were examined in [21] . They found that for flows with Reynolds number smaller than 100 the lift decreases with Reynolds number and increases for larger Reynolds number flows. This is unlike the oscillatory flow case we will present. However, the steady flow case they considered and ours have a qualitative similarity with regard to the tendency of the lift to drop as the gap separating the sphere from the wall is increased.
In order to calculate the forces as well as the flow we will be using a highorder spectral element time-dependent Navier-Stokes equations solver. The domain is infinite away from an ideally smooth rigid wall of infinite extent on which the no-slip boundary condition is applied. No-slip boundary conditions for the fluid are applied at the boundary of the sphere as well. The flow is forced to oscillate in time, so that in the absence of the sphere the velocity reverses direction smoothly. The sphere has a fixed diameter of 1 and the fluid has a density of ρ 0 := 1 in appropriate dimensional units.
As in FLR02 and FLR05 the Reynolds number is defined as
Re := UD/ν, where the characteristic length-scale D is the particle diameter, and the convective time-scale is D/U. U is the amplitude of oscillation in the farfield velocity and ν is the kinematic viscosity. The nondimensional forcing period, otherwise known as the Keulegan-Carpenter number, is
where T is the period of the forcing. The gap number is
and it represents the ratio of the distance between the edge of the sphere and the wall and D.
In adding a rotational degree of freedom to the particle the flow configuration is now characterized by four parameters: the Keulegan-Carpenter number, the Reynolds number, the gap, and the moment of inertia of the sphere (which in turn depends on the relative density, for a given diameter D). The dependence of the forces on the relative density R := ρ/ρ 0 , will be briefly examined in this study. Here ρ 0 is the density of the fluid.
The computational scheme and parameters are described in FLR02, FLR05.
We thus only summarize how the original computational framework is modified to account for the rotating degree of freedom of the sphere. A no-slip boundary condition is enforced at the sphere's surface. The sphere's angular acceleration is derived from
where the torque T is evaluated by integrating the contributions of the shear stress over the sphere and I is the moment of inertia of the sphere. A secondorder Adams-Bashforth scheme
is used to integrate the angular acceleration. For the density ratios and timestep sizes considered (the latter governed by the standard CFL restrictions arising from explicit treatment of the nonlinear terms in the NavierStokes equations no additional stability restrictions on (2) were encountered (see [22] ).
The dimensionless torque coefficient, hereon called the normalized torque,
is reported in what follows as
where
and A = πD 2 /4. In what follows we mean by lift and drag the coefficients
In the absence of the sphere the flow field is described analytically as layer is, by (3) and in terms of δ, directly proportional to the square root of the velocity amplitude and inversely to the square-root of the period of oscillation. Some aspects of the forces on particles in steady flows (see [15] and references therein) are relevant to shearing flows near boundaries that are more generally time dependent: the time-mean lift force is insignificant if the particle is placed sufficiently far away from the bounding wall -many δ layer-thicknesses away; that is to say, if the particle is located outside of the boundary layer, there is no shear and thus the lift is insignificant. By the same argument, the larger the boundary layer is relative to the diameter of the sphere provided the particle is close enough to the bounding wall, the higher the shear forces. The presence of the rigid wall also contributes to a Bernoulli effect, which as we shall show, is still evident when the sphere is 1 diameter away from the wall, even if the bulk of the boundary layer is much smaller than the gap. There are fundamental differences between the steady flow and the oscillatory flow situation: the shear rate as inferred from the Bagchi and Balachandar [15] found that the lift of a freely rotating sphere in a steady shear flow will experience an additive lift associated with a Magnus effect. They established this by comparison of their numerical results to a theoretical estimate. When a particle is given a torque-free condition and the flow is oscillating it is not clear how the lift is modified by the added freedom in the motion of the particle. The two aspects that make the outcome hard to predict using prior knowledge about the steady shear case are,
(1) if the particle is in a rapidly oscillating shearing flow the particle may not achieve a torque-free condition before the flow reverses; (2) the flow may not be symmetric when there is a reversal in the direction of the force, for example, if vortical structures are generated during the course of the period and these persist beyond the time at which flow reversal takes place.
In what follows we shall define the Differential Mean Lift (DML) as the difference between the mean lift of a particle allowed to rotate and the mean lift of the same particle held fixed. In most instances we will report on relative quantities. For an absolute reference we refer the reader to FLR02 and FLR05.
We describe now how the forces on a particle subjected to an oscillatory boundary layer flow in a torque-free situation depend on the moment of inertia (more specifically on the density ratio R), the Reynolds number Re, the Keulegan-Carpenter number τ and the gap number ǫ.
Effect of the Density Ratio
We consider here a very small range of density ratios R, because outside of this range we presume that the buoyancy force of a free particle would prevail in the dynamics of a particle in a fluid when compared to the lift force. The dependence of the torque on R was found to be weak. We tried 0.95 ≤ R ≤ 2, for Re = 100, ǫ = 0.5 and τ = 80. The maximum rotational angle θ max on R is negligible and the peak torque force dependence on R is 
Sensitivity to the Reynolds Number
The dependence of the lift on the Reynolds number for steady flows was extensively investigated by Bagchi and Balachandar [15, 16] . The definition of Reynolds number in their work is the same as the one adopted in the present study. (See [21] for an investigation of the effect of a nearby wall indicates that the complexity in the lift -and to a lesser extent in the draghas to do with the interactions of the sphere with its own vortical wake.
Another feature of the flow is that, as the Reynolds number increases, more (a) It is apparent that the DML in the oscillatory wall-bounded flow case is sensitive in more complex ways to the Reynolds number than in the steady flow case in [15] . Our results appear in Figure 4 . The difference between the torque of the non-rotating particle is much larger, for small Re than the rotat- smaller in magnitude in the rotating case is not surprising, however, that it has a non-monotonic structure is. In Figure 7 we show the dependence of the maximum torque on the gap width and the Keulegan-Carpenter parameter: the torque is small over a large range of Reynolds numbers appears to be true only because the gap was chosen to be large. Figure 4c shows that the drag is nearly equal in the rotating and non-rotating particle cases: symmetry considerations dictate that if the flow is symmetric upon reversals then the maximum and minimum torque values for either the rotating or nonrotating particles should be the same in magnitude, and more importantly, that the difference of the mean drags of both cases should be zero. Figure   4d 
Sensitivity to the Keulegan-Carpenter number and the Gap
The angle of deflection θ is more sensitive to changes in the gap ǫ than to the Keulegan-Carpenter number. This is shown in Figure 7a . The high frequency and larger gap cases produce smaller deflection angles. However, as seen from the figure of the maximum normalized torque, Figure 7b , the rate of change of the deflection angle is greater for high frequencies and small gaps, leading to higher torque force values. In Figure 7c we plot the normalized torque for the rotating and non-rotating cases, as a function of τ for a fixed ǫ = 0.125.
The difference between the the freely rotating and non-rotating cases for other ǫ is less pronounced. The DML and it pressure and the viscous components appear in Figure 9 .
The plots indicate that the DML is nearly entirely captured by its pressure Bagchi and Balachandar [15] found negligible differences in the drag experienced by a freely rotating and a non-rotating sphere in a steady shear flow. We find the same type of behavior in the oscillatory shearing case. We thus refer the reader to FLR02 and FLR05 for a summary description on how the drag is affected by the choices in τ and ǫ.
Summary
The lift, drag, and torque, on a spherical particle in a oscillatory wallbounded flow were calculated, as a function of the particle density ratio, the Reynolds number, the Keulegan-Carpenter number and the relative gap between the particle and the wall. The calculations were aimed at elucidating how a rotational degree of freedom affects these forces. In order to do so we calculate the forces on a particle that is held fixed and compare these to the forces obtained when the particle is allowed to freely rotate. These calculations, performed by solving the Navier-Stokes equations in three-dimensions and time, complement the overall picture presented in [1] and [2], on the fundamental forces experienced by a particle in a wall-bounded oscillatory flow.
With regard to changes in the moment of inertia we found that the difference between the drag and lift of a fixed particle and one allowed to rotate were small. In contrast, the difference between a fixed and freely rotating particle with respect to torque were significant. The torque, not surprisingly, was larger for the fixed particle. The maximum normalized torque is most sensitive to the closeness of the bounding wall when the forcing frequency is large, and is significant for Reynolds numbers smaller than 150, approximately. However, we found that the maximum torque, for low frequencies, is relatively insensitive to the gap size. The maximum normalized torque of a fixed particle was found to be a decreasing function of the Reynolds number. This is not the case for the rotating particle.
The drag force of the freely rotating and the fixed particle are essentially the same, for small Reynolds numbers and variations of all parameters, and insignificantly different for larger Reynolds numbers.
The main focus of this study was the effect of rotation on the lift force.
In order to characterize the effect of allowing the particle to freely rotate in response to the flow we focused on the difference between the mean lift of the rotating particle and the mean lift of the particle, fixed in place. This quantity we denoted here as the differential mean lift (DML). We found that the DML is positive for all forcing periods when the gap number is small.
As the particle is placed further away from the bounding wall we found that the effective lift is only positive for large Keulegan-Carpenter numbers. We also found that the maximal lift occurs nearly in phase with the maximum drag when the particle is placed close to the wall, but this phase difference increases as the particle is placed further from the wall. Portraits of the drag and lift forces also indicate that the causal history of the forces is relatively insensitive to the forcing period when the particle is very close to the wall, but becomes sensitive when the particle is placed further away. This last finding, however, is not a result of allowing the particle to rotate: the causal sensitivity is seen both in the rotating and non-rotating particle cases. The overall magnitude of the DML increases as the particle is placed closer to the wall. The DML is pressure-dominated throughout, the Bernoulli effect being significantly different when the particle is fixed as compared to when it is allowed to rotate. 
